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Let X= G/K be a Riemannian symmetric space of the noncompact type and let 
L, be the Laplace-Beltrami operator on X. We consider on Xx R a differential 
equation of the type L,u = P(a,) u, where P(3,) is a second order differential 
operator in f E R. Using the Radon transform on X we relate Huygens’ principle for 
the solutions u to this equation, to the corresponding question for the solutions c 
to the equation LAv = (P(3,) + R) v on a maximal flat subspace A, where R is a cer- 
tain explicit constant. In particular we conclude that Huygens’ principle holds for 
solutions to the (modified) wave equation on X obtained by letting P(3,) = 3: - R, 
when X is odd-dimensional and G has one conjugacy class of Cartan subgroups. 
c 1992 Academic Press. Inc 
1. INTRODUCTION 
Let X= G/K be a Riemannian symmetric space with G a reductive Lie 
group and K a maximal compact subgroup, and let Lx be the Laplace- 
Beltrami operator on X [9, p. 2421. Let U c R be an open set containing 
0. On Xx U we consider a Cauchy problem of the following type: 
L,u=P(a,)u, 4% 0) =f,(x), a,4x, 0) =f2(x). (1) 
Here 8, = (a/at) and P(8,) is a second order differential operator in t of the 
form 
p(a,) = 8; + dt) 8, + P(t), 
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where a and /? are V”-functions on U\(O) (in particular, singularities at 
t =0 are allowed). Moreover, f,, fieVm(X). We call (fi,f2) the Cauchy 
data at time t = 0. 
We are concerned with Huygens’ principle for ( 1 ), which for our purpose 
can be rigorously defined as follows. Let d be the Riemannian distance on 
X with respect to a G-invariant metric ds* and B, the ball of radius E 
centered at the origin x0 = eK. Let 9 c g<?(X) x %‘(Y(X) be some G x G- 
invariant subset. 
HUYGENS' PRINCIPLE. We say that Huygens’ principle, in short HP, 
holds for (1) with Cauchy data in 9, if and only if the following holds: 
For all E >O and for all (f,, f2) E 9 with Supp(f;) E B,, any solution 
u~q~(Xx U) to (1) satisfies 
Supp(u)n {(x, t) I t>O}c {(x, t) I t--Ed(x,,x)<t+c}. (2) 
The set 9 is introduced here only for technical reasons, and we say 
that HP holds for the equation L,u= P(cY,) u if it holds with 
9 = @<Y(X) x U,?(X). For other definitions of Huygens’ principle and some 
historical notes we refer to [4, Sect. 33, p. 75; and 31. 
It is well known that HP holds for the flat space X= R” if and only if 
n is odd and n > 1 (see Section 2 below). In [lo] Helgason showed that if 
X is odd-dimensional, and G is semisimple and either complex or equal to 
S0,(2n + 1, l), for some n, then HP holds on Xx R with 
ev=+ MI2 
(see below for the definition of l/p/l). The equation L,u = (8: - lIpI/‘) u is 
called the modified wave equation. The proofs he gave for the two different 
types of spaces are different. In this note we give a unified proof valid when 
G is reductive with one conjugacy class of Cartan subgroups, and dim X is 
odd. A different proof using the Fourier transform, but valid in the same 
situation, was found independently by Helgason (oral communication). 
The assumption on the reductive group G is equivalent to requiring that 
rank X= rank G - rank K. In addition to the previously known cases (that 
is, G abelian, complex or equal to S0,(2n + 1, l)), this class of groups 
consists of the groups SU*(2n) (n E N), and E,( -26j, together with all 
products of simple groups of all these types. Note, however that dim X is 
odd only for some of these groups. 
Our proof is similar to those given by Lax and Phillips [ 14, Chap. IV; 
161, for the flat cases X=R”, and for the hyperbolic three-space 
X= SL(2, C)/SU(2), in that we use the Radon transform. A similar 
approach was also suggested without proof in [18]. More precisely we 
prove the following theorem, which reduces the question of HP to the flat 
case. 
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We assume that G is reductive with one conjugacy class of Cartan sub- 
groups. Let g = k + p be a Cartan decomposition of the Lie algebra g of G, 
and let a be a maximal abelian subalgebra of p. Extend the Killing form to 
a non-degenerate form on g, positive definite on p and negative definite on 
k (the same form should also be used in the definition of Lx). Using this 
form on a and a fixed orthonormal basis, we can identify a with R”. Fix an 
Iwasawa decomposition G = KAN, let p E: a* be half the sum of the positive 
roots corresponding to N, and note that the norm lipll is independent of 
the choice of Iwasawa decomposition. Let L,, be the Laplacian on R”. 
Then 
THEOREM. Huygens’ principle holds on Xx U if it holds for the equation 
L-u = (p(a,) - lIPl12) u
on R"x U. 
Since dim a has the same parity as dim X in our case, the theorem 
implies that HP holds when dim X is odd for the modified wave equation 
(Lx+ IIPII’) 24 = eu, 
because it is known to hold in the flat case (at least when dim a > 1, but 
in fact the rank one case can be dealt with similarly, cf. Corollary 2). The 
main ingredient in the proof is a property of strong support preservation 
of the Radon transform (Proposition 1). 
For the Riemannian symmetric spaces X= G/K of the compact type, it 
is known that HP holds when either X itself is a compact Lie group 
(considered as a symmetric space) or X is a compact hyperbolic space (see 
[2, 10, 151). These spaces are exactly the compact spaces dual to the non- 
compact spaces studied by Helgason, and it would therefore be interesting 
to see if our generalization of Helgason’s result for the noncompact spaces 
has some dual compact analog. 
The above theorem also implies Huygens’ principle for other equations. 
In [4, p. 3241, Hadamard raised the question of classifying the operators 
with HP and gave an answer in terms of the vanishing of what he called 
residual integrals or, equivalently, the occurance of no logarithmic terms 
in the asymptotic expansion of the fundamental solution. In the odd- 
dimensional flat case examples of equations with HP, different from the 
wave equation, were first given by Stellmacher in [ 193 (see also [3]). For 
example the equation 
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on R5 x R satisfies HP. Our theorem allows one to move some of 
Stellmacher’s examples to the space Xx R, A’= G/K. From the above exam- 
ple it follows for instance that HP holds for the equation 
on (SL(6, C)/SU(6)) x R (see also [12, 131). 
2. THE CASE X= R” 
To illustrate our method and collect the results we need, we begin by 
considering the wave equation on R” x R, (n odd). Here the method, which 
essentially is the method used by Lax and Phillips in [14], reduces the 
problem to n = 1. We use the notation of Helgason, [9, Chap. I, Sect. 21. 
We start with the case n = 1. The Cauchy problem (1) is now 
a% a% -=- 
ax2 at2 ’ 4x, 0) =f1 (XL +y (x, 0) =fz(x). (3) 
This equation has the unique solution 
4% t) =; (fib + t) +f,(x - t)) +; j-‘+rf*(y) dY. (4) 
.Y t 
It follows that if Suppf, c [ -6; E] then U(X, t) = 0 for 1x1 > t + E, but also 
that HP does not hold for general Cauchy data, because the last term in 
(4) takes the constant value (l/2) JE,f,(y) dy when 1x1 <t--c. However, 
we do have the following: 
LEMMA 1. On Rx R Huygens’ principle holds for the problem (3) with 
Cauchy data in %?T(R) x (d/dx) (V:,“(R)). 
Proof: This follows from the discussion before the lemma, because 
f2 E (d/dx) (W:(R)) implies that (l/2) S?,f,(y) dy = 0. 1 
We assume now that n > 1 and that n is odd. We shall use the Radon 
transform (see [9, p. 981) 
of a function fe %‘2 (R”). For the purpose of having a nice inversion 
formula, it is convenient to modify the transform as follows: 
(n - u/z ^  
f(o* P). (5) 
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Then 2 extends to an isometry of L*(R") onto the space of even functions 
in L’(S”- ’ x R) with suitably normalized measures (see [9, Theorem 2.17, 
p. 1161). Let L = LRn denote the Laplacian on R”, then 
and hence also 
Hence &Y transforms the Cauchy problem 
a% 
I-1(=-$ 44 0) =f1b), g (x3 0) =fAx) 
into 
which can be solved using (4). From this and the inversion formula for the 
Radon transform [9, Theorem 2.13, p. 1 lo], one easily obtains a formula 
for the solution u (see [ 14, Corollary 2.1, p. lOS]), from which HP can be 
read off. However, HP is also easily obtained with the following lemma, 
where B,= (xER” 1 llxli <r) and p,= ((o,p)~S”-’ xR I IpI <r}. 
LEMMA 2. Let fe%F(R”) (n odd), and r > 0. 
1. Supp f c B, if and only if Supp gj’c p,. 
2. Supp f n B, = @ if Supp 5%j- n fi, = 0. 
Proof: In 1 the only if implication is obvious from the definition. The 
other implication follows from [9, Theorem 2.6, p. 1051, combined with the 
(elementary) fact that (d/dp) cannot decrease the convex hull of the 
support of a compactly supported function. 
For 2 we take ge%T(R”) such that Supp g c B,. By 1 we have 
Supp(gg) c pr and by the Plancherel formula [9, p. 1161, we get for 
f E %?y(R”) that 
(fig> L,*(R”)= (B~B~).2(,n-~.R,. 
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If Supp%!fnfi,=@ it follows that (f,g)LzcR”)=O, and hence 
su~~(fbW=0. I 
We conclude with the well known 
COROLLARY 1. On R” x R Huygens’ principle holds for (6) if n > 1 and 
II is odd. 
Proof: From 1 we conclude that if the Cauchy data (fi, fi) in (6) are 
supported in B,; then the Cauchy data (gf,, 9fi) in (7) are supported in 
a,. From (5) we have that &? involves at least one differentiation, hence the 
Cauchy data in (7) are also contained in (alap) (V,?(s”-’ x R)), and it 
follows from Lemma 1 that the solution .4& is supported in /?, +,\b, _ E at 
time t. Hence u( ., t) is supported in B, +E\B,--E by 1 and 2. 1 
Remark 1. Since 2 is an isometry, it can be used to reduce the proof 
of equipartition of energy to the case n = 1 (see [ 14, Corollary 2.3, p. 1061). 
3. RIEMANNIAN SYMMETRIC SPACES 
We assume now that X= G/K, where G is a reductive Lie group with one 
conjugacy class of Cartan subgroups and K is a maximal compact sub- 
group. Let G = KAN be a fixed Iwasawa decomposition of G, and let A4 be 
the centralizer of A in K. Define the Abel transform of a function f E W<?(X) 
by 
f(k, a) :=ap i, f(kanx,) dn, keK, aEA 
(except for the factor up = ep(‘Ogrr) th’ IS equals Helgason’s Radon transform 
off, cf. [S]). Let 3 = G/MN N K/M x A be the dual space of horocycles 
[6, p. 81. ThenPEP and by [S, Theorem 5.31, 
(Df )^ =y(D)jl (8) 
for all invariant differential operators D on X, where y: D(G/K) -P S(a) is 
Harish-Chandra’s homomorphism. Thus an invariant differential operator 
on X becomes transformed into a constant coefficient differential operator 
on Z, involving only differentiations in the flat A-directions. In particular 
[9, Corollary 5.20, p. 3061 
Y(Lx) = L,4 - IlPll 2. (9) 
By [9, Corollary 6.15, p. 4481, the reciprocal of Harish-Chandra’s 
c-function is a polynomial without constant term. Let J be the differential 
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operator on A, which via the Euclidean Fourier transform corresponds to 
multiplication by c- ‘. In analogy with (5) we define the modified Radon 
transform by 
~f(O=.m, 5EZ (10) 
then we get from (8) that 
mlf= y(D) L%$ (11) 
Furthermore k@ extends to an isometry of L2(X) into L2(K/Mx A): By 
extending [6, Theorem 3.4, p. 421 to reductive groups (and normalizing 
measures uitably) we have 
Now consider the Cauchy problem (1). By (11) and (9) we obtain the 
following Cauchy problem for gu: 
; ~u(5,O) = 3Y2(0. (13) 
Writing 5 = (k, a) and viewing k E K/M as a parameter, this is essentially a 
problem on A x U: 
L/P=(P(~,)+ llPl12h U(Y, 0) =g1(y), g (Y, O)=g,(y). (14) 
Fix an orthonormal basis for a, which is then identified with R”. Via the 
exponential map we can then consider (14) as a problem on R” x U. Let 
9 c %‘F(R”) be the space of functions 
We shall prove 
THEOREM 1. Huygens’ principle holds for ( 1) on X x U if it holds for ( 14) 
on R” x U with Cauchy data (g,, g2) in g x F. 
Proof. This follows in analogy with Corollary 1 once we have an 
analog of Lemma 2. This is given in Proposition 1 below. 1 
Let B, c X and j?, c E denote the balls 
B,:={x I d(x,,x)<r}= {ka.x, I Illegal) Gr} 
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and 
/3r:=K/Mx (~4 ( I(loga(l <r}. 
PROPOSITION 1. Let f E %‘p”( X) and r > 0. Then the following holds: 
1. Supp f c B, if and only if Supp gf c Dr. 
2. Supp f n B, = 121 if Supp .%j- n p, = a. 
Proof: The only if implication in 1 follows from the definition of W and 
Exercise B.2 (iv) on p. 278 in [S]. The other follows from [7, Lemma 8.11 
and the fact that the constant coefficient differential operator J does 
not decrease the size of the convex hull of the support of a compactly 
supported function (see [ 11, Lemma 3.4.33). 
In analogy with the proof of Lemma 2, 2 follows from the Plancherel 
formula ( 12). 1 
COROLLARY 2. If dim X is odd and dim X> 1 then Huygens’ principle 
holds for the modlyied wave equation 
(15) 
on X. 
Proof: Note first that dim a is odd by [S, Theorem 6.1, p. 4291. Hence 
the corollary is immediate from Theorem 1 and Corollary 1 if dim a > 1. If 
dim a = 1 it follows from Theorem 1 and Lemma 1, because J is a differential 
operator without constant term. 1 
Remark 2. Again, since .%Y is an isometry, it can be used to reduce the 
proof of equipartition of energy for the equation in Corollary 2 to the wave 
equation in the flat case (see the previous remark). Equipartition was 
proved for X in [l] using the Fourier transform on X and a. For the 
hyperbolic three-space SL(2, C)/SU(2) see also [17, Theorem 5.31. 
Remark 3. Using the inversion formula for the Radon tranform (see 
[6, Theorem 3.5, p. 421) an explicit formula for the solution to (15) can 
easily be written down in analogy with, and reducing to, the formulas 
mentioned above ([ 14, Corollary 2.11) for the flat case (see also [5, 
Lemma 7.11). 
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